The principle of minimum rate of entropy production (MREP) is applied to a non-biased (light excited) p-n photo-voltaic (PV) cell working in a circuit closed with a resistive load. At our knowledge, this is the first time that both electronic processes, such as photo-excitations, carrier diffusions and recombinations, and electrical processes, such as current generation and the Joule effect are considered together in the realm of irreversible thermodynamics ruled by the MREP principle. We have found that the well known photo-cell equation is consistent with the MREP principle in the linear range. An equation for the built-up voltage is obtained where the recombination resistance of the diode and a collection factor of the photo-carriers, depending on the thickness of the illuminated cell-side, are included in a natural way. The case of a biased PVcell is also considered concerning the empirical parallel resistance introduced in realistic models. Some insights into its real meaning have been obtained.
I. INTRODUCTION
Photovoltaic (PV) cells are devices capable of photon-to-electrical energy conversion. To date, the most diffuse PV devices are based on (mainly silicon) p-n junction. The promise of new high efficient devices (dye sensitized, thermophotovoltaic, hot carrier, organic) has reinforced the interest of researchers in this matter 1 . Besides the underlying chemical and physical processes and the technological features, since the seminal work by Shockley and Quiesser 2 , the main concern about the utilization of PV devices is solar energy conversion and the related upper theoretical limit of conversion efficiency. The efforts made in succeeding in this task brought the attention of researchers in the thermodynamics of heat exchange between the black body source (sun) and the heat engine (converter). Most of the works that addressed this problem were grounded on reversible thermodynamics 3 . But improvements were obtained by considering the entropy production of PV conversion 4, 5 . Recently, the efficiency problem was addressed by describing solar energy conversion as an explicitly irreversible process 6 . To this end, Onsager's reciprocity theorem was used to investigate near-equilibrium heat exchange. Despite the aforementioned efforts, literature lacks a study that explicitly takes into account the thermodynamics of electronic processes occurring in excited materials (carrier photo-generation, recombination and diffusion) as well as that of electrical current generation and the joule effect in a resistive load connecting the two PV-cell sides. There are some reasons for dwelling upon this topics. Firstly, the irreversible PV process may be a test bench for the minimum rate of entropy production (MREP) principle which, in the range of linear thermodynamics, is a valuable criterion characterizing the steady states of systems out of equilibrium; another reason is that the MREP criterion does not require more inputs than the initial ones so that , whatever the nature of problems dealt with, its outcome might eventually gives insights for further investigations, provided the thermodynamic problem is well addressed. Moreover, thermodynamics has an intrinsic generality so that in principle more differently chemical-physical based PV systems can be covered by the same MREP algorithm implemented for a specific case.
Briefly stated, the criterion spoken-of states that systems having MREP compatible with their constraints are in steady states provided linear flux laws with constant phenomenological coefficients hold 7 . In general, this property characterizes near-equilibrium systems for which approximations of linear laws can be used. In this connection, the extension of the MREP principle to systems far from equilibrium is still not a well assessed matter 8 . In reality, its validity has been questioned even in the linear range 9 . However, as noticed elsewhere, this kind of criticism is not in the spirit of linear approximation 10 . The present paper was inspired by several works (published some decades ago) engaged in MREP investigations of solid state electronic (mainly luminescent) processes 11, 12 . Remarkably, regarding the p-n junction, it was shown that the diode equation is consistent with MREP principle 12 . On these grounds, we use the MREP tool to investigate a simple model of a non-biased PV circuit as planned above. Differently from previously cited works, we are not interested in the efficiency problem. Our goal is to show that in the linear range a current equation depending on the rate of carrier photo-generation, a collection factor and recombination resistance 13 as well as, of course, on load resistance that agrees with that obtained from the well known PV equation, can be obtained.
Thus, the paper is structured as follows. In Section 2 a model of PV cell and its linearization is presented. In Section 3 the theory of MREP is briefly recalled as well as the main results of its application to the p-n diode. In Section 4, the theory is applied to PV cells and, thus, to PV closed circuits. In Section 5, considerations about biased PV-cells are presented.
II. THE PV-CELL MODEL
A simple presentation of a PV-cell model was given by Pfann and Roosbroek 14 . Due to injection of photo-generated electron-hole pairs into bands, a source current I g is originated which is contrasted by a built up cell voltage V causing (as in a forward biased junction) a current I f flowing opposite to I g . The resulting current I ext = I g − I f flows in a matched external circuit. Current I f is ruled by a diode-like equation, that is, I f = I 0 [exp (eV /kT ) − 1] where (in the diode) I 0 is referred to as the saturation current 15 . For our scope, current I 0 will be considered a parameter to be explained by means of thermodynamic investigation. By defining R 0 = kT /eI 0 as the zero voltage resistance of the junction, the PV equation is
which, in the linear approximation, can be written as I ext = I g − V /R 0 . If the electrical load has a resistance R the voltage is V = RI ext so that
that is, in the linear range the PV-cell behaves as a current source I g connected with two resistances, R 0 and R, in parallel. Of course, deviations from eq. (1) are to be accounted for in more realistic models. Concerning this point, to our knowledge, only studies on biased PV cells are available in literature. Textbooks consider the following main corrective parameters: two empirical resistances due to the device, that is, a series resistance R s and a parallel resistance R p ; a photon-energy dependent collection function H due to recombination of carriers 16 . In the linear range, the equation of the biased PV cell, including the aforementioned effects, is
where V b stands for the biasing voltage, γ = R p / (R s + R p ) and α = e/nkT , n (1 ≤ n ≤ 2) being referred to as the ideality factor which depends on the transport mechanism (n = 1 for diffusion) 16 . In the biased condition, the positive verse of I ext is the one fixed by the applied voltage. Resistance R s accounts for electrical losses in the semiconductor and semiconductor/load contacts. Consequently, owing to voltage drops, the actual voltage applied to the junction is V a = V b − R s I ext . As for R p , its real meaning is not clear, nor whether if it can be related to junction resistance R 0 . However, if we substitute
, where R ′ 0 is allowed to be different from R 0 , eq. (3) can be simplified as
which, by using the same sign convention for I ext as in the case of non-biased PV-cell, can be re-written as
Based on eq. (4) the case of the biased PV-cell will be briefly discussed in Sec. 5.
III. ENTROPY PRODUCTION IN A p-n DIODE

A. General
The entropy change of a system can be written as
where d e S is due to interaction with its surroundings (actually, we are dealing with a closed system) and d i S is the entropy production due to internal change of the system. Usually, d e S accounts for a change in system entropy due to heat exchange. However, when dealing with photo-excitation, d e S accounts for the whole exchange of energy as a consequence of the energy conversion process (studies on the efficiency problem were grounded on this extension). In the case that internal changes are due to chemical reactions only , the entropy production term can be written as
where µ k is the chemical potential of the k-component of a mixture containing c chemical species and dn k is the corresponding molar change. If at any instant the entropy changes as a function of chemical composition as well as other quantities characterizing the system, it is possible to write an equation for the rate of entropy production, that is, dS/dt = d e S/dt + d i S/dt, where
In eq. (7) we take into account that dn k = l ν kl dξ l , dξ l stands for the displacement of the l-th reaction, ν kl for the stoichiometric coefficients , υ l = dξ l /dt, for the flux or velocity of the l-reaction and Γ l for the affinities, that is,
, n k stands for the molar concentrations at equilibrium 7 . It is assumed that near equilibrium the fluxes are linear with respect to the affinities, that is, v l = m L lm Γ m , where L lm are called the phenomenological coefficients 7 . As shown by Onsager 17 , based on the time reversal invariance of (microscopic) mechanical laws, the phenomenological coefficients form a symmetric matrix, that is L lm = L ml . We remark that the criterion for sign assignments to stoichiometric coefficients is quite arbitrary. These signs are fixed by the choice of the positive verse of the chemical reactions dealt with. However, whatever the choice, if no external forces cause internal change, d i S/dt 0 holds. When applying thermodynamics to electronhole processes it is convenient to consider more suitable units , that is, densities (cm −3 ) rather than molar concentrations. To this end, we must divide the rate of entropy production by molar volume, V M (cm 3 ), so that υ l is given in cm −3 s −1 units and the affinities are calculated as
B. Entropy production in semiconductors
Near equilibrium (but also in most practical cases) the rate equations can be written in the approximation of non-degenerate statistics. At the steady state, densities of conduction band electrons and valence band holes depend on recombination processes and are independent of trapping in metastable levels 12 . Recombinations of conduction band electrons and valence band holes may occur directly, that is, by band-to-band processes, or indirectly, that is, by trapping in localized recombination levels. In any case, the departure of free carrier densities from equilibrium values depends on the affinity
which is determined by considering as the positive verse that of processes causing pair generations (coefficients of reactions ν kl causing recombinations are thus negative). It is easy to show that indirect processes involving localized levels allow for the equation Γ = i Γ i where Γ i are the affinities of the intermediate steps leading to recombinations in the channel dealt with 11, 18 . Note that in the quasi-Fermi level (QFL) formalism the free carrier affinity is
where F n and F p stand for the QFL of free electrons and holes respectively 13, 14, 18 . When only band-to-band processes are allowed, the net rate of recombinations is
where π G stands for the probability of electron-hole pair recombination and s G for the thermal generation of carriers. At equilibrium
Note that, within the linear approximation, in the n-doped semiconductor we can write n = n = n n (that is, in the n-semiconductor slightly displaced from equilibrium the density of conduction band electrons is practically unchanged 15 ) so that Γ = kT ln (p/p n ), from which we obtain
which is one of the diode basic equations 15 , p n being the equilibrium density of valence band holes.
By taking into account that at the steady state the transition rate is the same for each step involved in a given recombination channel (as in monomerization reactions 7 ) , it is easy to show that the rate of all the direct or indirect recombination processes can still be written as υ = L EQ Γ, where L EQ is a phenomenological coefficient accounting for all the processes involved (see Appendix A) 18 . In reality, this point is not essential at the level of this study, since we might consider the case that only band-to-band recombinations are allowed (as usually made in an elementary approach) so that L EQ = L G . Transport processes driven by electric and diffusion forces contribute to the entropy production depending on the current of electron ( − → j n ) and hole ( − → j p ) carriers, that is,
where µ n and µ p stand for the chemical potential of free electrons and holes, − → E = −grad V a for the electric field due to the applied bias V a . In eq. (13) we suppose that the temperature is uniform in the semiconductor. The carrier currents are
where κ n and κ p stand for electron and hole mobilities respectively. At the steady state, the continuity equations for the free carriers are
In the n-doped semiconductor we can write, p/p n = 1 + (p − p n ) /p n which, for a system slightly displaced from equilibrium, that is (p − p n ) /p n ≪ 1, allows for Γ ≈ kT (p − p n ) /p n . Thus, by taking into account that s G /π G n n = p n and by putting π G n n = 1/τ p , we obtain
which is the other basic equation of the diode 12, 15 . It can be shown that equations (16) and (17) are consistent with the MREP principle. Actually, the integral
has a variational minimum corresponding to the steady state . The variational procedure performed with respect to the independent functional variables n, p and V a leads to the Eulero-Lagrange equations
Only two of the three equations obtained are independent, that is,
which are precisely eqs. (16) and (17).
IV. ENTROPY PRODUCTION IN A PV-CELL
A. Differential equation for the affinity For simplicity's sake, in the following we refer to the diode scheme by Shockley 15 . Densities and field depend on the x coordinate only, the endside on the p-region is at x = 0 and x T p and x T n mark the transition region in the p-and n-side, respectively. By using the Einstein relations, that is, eD p /κ p = eD n /κ n = kT , and by taking into account that in the approximation dealt with
, we obtain from the linear combination of eqs (23) and (24)
Let us define the free carriers lifetimes as
which, if only band-to-band recombinations were allowed, become
By taking into account the definitions of diffusion length of electrons ( l n ) and holes (l p ), that is,
we introduce the characteristic length l of the affinity function defined by
so that eq. (25) becomes
As boundary condition for the solution of eq. (30) (in the case of forward bias) we require only that far from the junction the affinity vanishes (owing to the equality between electron and hole QFLs 15 ). Consequently, the affinity function is
We suppose that the transition region is so small that x T p ≈ x T n ≈ s p , where s p stands for the thickness of the p-region, so that Γ (x T p ) = Γ (x T n ) = V a 15 .
B. The case of photo-excitation with carrier diffusion
Let us for a moment turn to the case of chemical reactions. Of course, our interest regards photo-sensitive chemical mixtures which recover their initial (equilibrium) composition after photo-excitation is turned off. The photoinduced composition change can be described by
where Φ stands for the flux of the whole absorbed photons (in suitable units) and c k for the fraction of photon flux inducing molar change of the k-component. It follows from eqs (6) and (32) that eq. (7) is to be replaced by
In the case of band-to-band semiconductor excitation, any absorbed photons cause the generation of one electronhole pair so that c k = 1 (generalization to the multiple pair generation case is simple) and thus Γ Φ = Γ. Equation (13) including photo-excitation becomes
Before searching for MREP, it is to be remarked that minimization concerns only the internal processes bringing carrier densities to equilibrium. However, minimization of only the σ contribution is now trivial. Thus, to define the actual steady state we must include the excitation term. This requires some care because of the different dependence of affinity (υΓ is quadratic on the affinity). Indeed, if it were not accounted for, the variational calculus could lead to results conflicting with the obvious requirement that at the steady state net internal entropy production is null. On this ground, the suitable form to be considered in the variational procedure is
The Eulero-Lagrange equations obtained are
which are similar to eqs. (16) and (17) with the modified source terms. Equations (34) and (35) can be combined to give
Note that in the linear approximation, that is, by putting u = kT (p − p) /p ≈ Γ, eq. (36) becomes similar to eq. (10) of ref. [19] (in which a general relationship between dark carrier distribution and photo-carrier collection in solar cell is presented) provided p is independent of spatial coordinates. Now, we suppose that monochromatic radiation is used to excite the PV-cell at the end side of the p-region (x = 0). Thus, eq. (36) can be written in a more compact form by assuming that the Φ (x) is ruled by the Lambert-Beer law, that is,
d standing for the characteristic penetration length of radiations or the inverse of absorption coefficient and by putting
After these substitutions, the affinity equation becomes
The solution of eqs. (38) and (39) is
. Of course, if s p >> l only the interaction with photons allow for Γ (0) = 0. We point out that the value of Γ 0 is fixed by the actual net rate of carrier generation in the PV-cell, that is,
A being the cross section area of the diode. In the case of the open PV-circuit, at the steady state G = 0 so that (d i S/dt) P V = 0 holds. To better illustrate this point, we assume that the parameters of the affinity function are independent of x (in reality they can change when passing from the p-to n-region as well as near semiconductor surface). Moreover, we assume that the thickness of the diode (but not of the p-region) is much larger than l as well as d (actually, owing to the band to band excitations d is expected to be smaller than l). Thus, by putting Θ l = Al and Θ d = Ad we obtain (terms of the order (d/l) 2 are disregarded)
Now, it is easy to prove that at the open circuit condition j n = j p so that, by taking into account that (µ n + µ p ) = kT ln np/np = Γ,
whose integral over the whole PV cell volume is (see Appendix B)
Thus, while photo-generated carriers diffuse towards the n-region, recombinations take place so that the (steady) rate of recombinations equals that of photogenerations. Consequently, the (negative) entropy production due to carrier photo-generations is exactly balanced by the (positive) entropy production due to carrier diffusions and recombinations. It is to be pointed out that heat is produced when the system tries to attain equilibrium. This heat should be considered as the indirect contribution to d e S due to the dissipative processes.
C. Entropy production in the case of closed photo-voltaic circuit
Let an electric load be matched to the two diode sides, and the PV-cell operate in photo-voltaic mode (no applied bias). In this case, a fraction of photogenerated holes sustains the electric current I ext so that the rate of recombinations in the semiconductor turns out to be less than that of photo-generations. In this condition, the carriers diffusing towards the junction contain an excess of electrons with respect to the holes, such that it allows the generation of I ext . On this ground, the external current is
The condition I ext = 0 implies that negative and positive terms in eq. (33) are now imbalanced. To make this clear it is convenient to write the equation of entropy production in such a way that the external current will appear explicitly. Thus, by taking into account that
it follows from eq. (33)
whose integration gives (see Appendix B)
To avoid redundancy when obtaining eq. (45), we have not considered the voltage built up by the charge separation as if it were biasing the junction. The reason for this is that in reality the PV conversion is driven by the diffusion forces only. For clarity's sake, let us calculate the (negative) entropy production due to the current I ext flowing against the field at the junction − → E = gradV , V being the built-up PV-cell voltage. Thus (see eq. 33
(I ext /Ae) ∂V /∂x/T which after integration gives − (I ext /T e) V . It can be noted that, by taking into account that
, the same quantity shown in eq. (45) is obtained (we just avoided considering it twice). Now, since Γ (x T n ) ≈ Γ (s p ) ≈ Γ 0 exp (−s p /l) it follows from eq. (45)
That entropy production of the excited PV-cell (in a closed circuit) is negative, as shown by eq. (46), is not surprising. Actually, it is consistent with the nature of the processes dealt with: the PV-cell works as a charge separator powered by external excitation. This process brings the system to a higher energy state. Thus the stored energy is released when current passes through the electric load so that in this way the PV-cell tries to attain the ground state. Pictorially, current I ext can be figured as due to an external recombination flux characterized by a rate I ext /e and an affinity eRI ext , R being the load resistance. The corresponding rate of entropy production is thus RI 2 ext /T . On the other hand, these external recombinations convert the stored energy into heat (with a rate RI 2 ext ) so that the joule effect comes into play. The whole rate of entropy production by the PV circuit is thus
By substituting eq. (41) in eq. (47) we obtain
Now, MREP is to be searched for with respect to I ext . As in the case of the open circuit, we apply the variational procedure to a modified function allowing consistency with the steady state condition, that is,
Thus, we obtain
From the comparison of eqs. (49) and (2) we have
ρ EQ being the recombination resistance of the processes dealt with (see Appendix A). R EQ can be defined as the electrical recombination resistance normalized with respect to the volume having a thickness equal to the diffusion length. Factor exp (−s p /l) is a collection factor whose meaning will shortly appear clear. Indeed, since the open circuit voltage turns out to be (R = ∞)
it is evident that, as expected, the thickness of the p-region (the one exposed to light) play a role in the PV process. Actually, eq. (51) shows that if the thickness s p is very large with respect to the diffusion length, resistance R 0 vanishes. This is intuitive, indeed as in a current divider the current is higher where the resistance is lower, in the case dealt with the current of recombinations is favoured with respect to the current in the resistive load. A point about eq. (49) might be questioned. Indeed, if R = 0 the short current appears to be independent of s p . This is obvious since it appears thermodynamically advantageous. However, electrical losses can occur at the contacts with the electrical load as well as in the semiconductor so that eq. (49) is to be suitably modified as
where resistance R s , accounting for losses, has merely been added to R (in eq. 48). Now, the short circuit currents is
Let us conclude this section by observing that Γ 0 exp (−s p /l) = (R+R s )I ext . This is obvious, but it can also be proved with a little algebra from eqs. (41) and (49) (where, of course, resistance R s is taken into account).
V. FINAL REMARKS AND CONCLUSIONS
In sections 3 and 4 we have seen that at the steady state (d i S/dt) d 3 x = 0 both in cases of an open and a closed PV circuit. We point out that a complete balance of the entropy production requires us also to consider rate d e S/dt . The latter concerns the exchange of energy between the radiation field and the PV-system, and between the PV-system and its surroundings. As presented in the introduction, this topic was investigated as concerns the efficiency of the PV conversion 4 . If heat exchange with surroundings is allowed to maintain the temperature of the PV-system constant, it follows that d e S/dt = 0. But, on the contrary, if no heat releasing were allowed (but recombination photons could be emitted), we could find d i S/dt = 0 and d e S/dt = 0. Of course, in this case the equilibrium reference state changes with time as the temperature increases.
A point which deserves some attention concerns eq. (51). This result might be questioned since it is known that in the biased diode R 0 is does not vanishes when s p >> l. However, we remark that the result thus found concerns the non-biased PV cell . If a bias were applied, other terms wuould have to be considered in the entropy production as well as in the electrical current balance (eq. 41). Indeed, in this case, the recombination rate could be calculated by using the affinity function given in eq. (40) so that the current balance (in the linear approximation) would now to be:
(55) As the thickness of the p-region becomes much larger than the diffusion length, all the photo-generated carriers recombine before the junction is reached. Thus, in this case the electrical current is due only to the applied bias (diode mode), that is, 
The results thus found have a simple explanation: factor 2 appearing in eq. (55) is due to the fact that in the biased diode I ext (in the semiconductor) is carried both by electrons and holes. But, if the thickness of the p-region is small so that exp (−s p /l) is not negligible, the affinity is not null at the end-side (x = 0) of the p-region also when the PV cell works in the diode mode (in dark). This implies that the contribution to I ext due to the flux of electrons through the junction is partly hindered. This effect disappears for large s p , that is, when the electron-hole QFLs at x = 0 are equal 15 : In this case R p = ∞.
We have shown that the PV equation is consistent with MREP principle in the linear range. MREP has been successfully applied to the PV process by considering explicitly photo-excitation, recombination and diffusion of carriers in the non-biased PV-cell as well as electric current and the Joule effect in a resistive load closing the PV-circuit. An equation for built up voltage and current in a closed PV-circuit is obtained where a collection factor and a recombination resistance are included. Some insights have been obtained concerning the meaning of the empirical resistance R p introduced in realistic models of PV-cell.
APPENDIX A
According to Shockley and Read 13 , in the linear range, the rate of electronhole recombinations involving localized levels can be related to the QFLs in an Ohm law-like equation in which two recombination resistances are considered, that is, ρ nt = kT /π nt np t , for the electron capture, and ρ pt = kT /π nt pn t , for the hole capture, π nt and π pt standing for the probabilities of electron and hole capture and n t and p t for the densities of trapped electrons and holes at equilibrium. Thus, we have
F t being the QFL of localized electrons. On the other hand, using eq. (10), the Onsager recombination coefficients are
We use this result as a general relationship between recombination resistance and phenomenological coefficients. If the two recombination (band-to-band and localized) channels are considered together, the total recombination rate is
where L EQ = 1/ρ t + 1/ρ G , ρ G being the resistance associated with band-to-band recombinations. Thus, the two recombination channels can be represented by two parallel resistances. On this ground, it is reasonable to consider ρ EQ = 1/L EQ as the resistance associated with all recombinations 18 .
are majority carriers), µ n (s p ) ≈ µ n (∞) = −µ p (∞) (equality of QFLs at the end side of n-region 15 ) and that µ p (s p ) − µ p (∞) ≈ Γ (s p ) (in the n-region affinity is determined by the diffusion process of holes through the junction), we have µ n (∞) − µ n (0) = {[µ n (∞) + µ p (s p )] − [µ n (0) + µ p (s p )]} = Γ (s p ) − Γ 0 . Therefore
